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S O L U T I O N  O F  R E G U L A R  B E A M  E Q U A T I O N S  IN A R B I T R A R Y  EMISSION C O N -  

DITIONS ON A C U R V I L I N E A R  S U R F A C E  

V. A. S y r o v o i  

Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z i k i ,  No. 3, pp. 5 0 - 5 7 ,  1966 

The regular beam equations are solved analytically for the ease of 
emission from an arbitrary surface in conditions of total space charge 
(p-mode) and in a given external magnetic field H # (w for tem- 
perature-limited emission (T-mode), in an external magnetic field 
H (w and for emission with nonzero initial velocity (w The emitter 
is taken as the coordinate surface x I = 0 in an orthogonal system x ~ (i = 
= 1,2,3), while the current density J and field ~ on it are given func- 
tions J (x z , xa), a (x s ,xa). The solution is written as series in (xl/x 
with coefficients dependent on x 2 , x a, determined from recurrence 
zelations. For emission in the p-mode and H # 0, a = 1/3; for tem- 
perature-limited emission, c~ = 1/2; with nonzero initial velocity, 
c~ = 1. The results are extended to the case of a beam in the presence 
of a moving background of uniform density (5). 

w F u n d a m e n t a l  e q u a t i o n s .  A r e g u l a r  s i n g l e - - e n e r g y  
n o n r e l a t i v i s t i e  b e a m  of c h a r g e d  p a r t i c l e s  h a v i n g  f i x e d  
s p e c i f i c  c h a r g e  77 of  f i x e d  s i gn ,  is  d e s c r i b e d  in the  
s t a t i o n a r y  c a s e  by a s y s t e m  of d i f f e r e n t i a l  e q u a t i o n s  
wh ich  can  be  w r i t t e n  in the  t e n s o r  f o r m  

g~v~v~ + (u) s = 2 %  H ~ = t a~,. 

w h e r e  x i (i = t ,  2, 3) i s  a c u r v i l i n e a r  c o o r d i n a t e  s y s t e m ,  
v i a r e  t he  c o v a r i a n t  v e l o c i t y  c o m p o n e n t s ,  ~ s c a l a r  
p o t e n t i a l ,  p i s  the  s p a c e  c h a r g e  d e n s i t y ,  ar/d H l a r e  
the  c o n t r a v a r i a n t  c o m p o n e n t s  of the  e x t e r n a l  m a g n e t i c  
f i e ld  v e c t o r .  T h e  e q u a t i o n s  a r e  w r i t t e n  in t he  d i m e n -  
s i o n l e s s  v a r i a b l e s  r*, V*, (p*, p*, H* ( r , V , H  a r e  t he  
m o d u l i  of  t he  r a d i u s  v e c t o r ,  v e l o c i t y  v e c t o r  and e x -  
t e r n a l  m a g n e t i c  f i e l d  v e c t o r )  

r = ar~  ' V :  U V  ~ 

= - - - ~ ,  

U~ o cU H o (1.2) 

a f t e r  o m i t t i n g  the  s u p e r s c r i p t  i n d i c a t i n g  the  d i m e n s i o n -  
l e s s  v a r i a b l e ;  a,  U a r e  c o n s t a n t s  wi th  the  d i m e n s i o n s  

of l e n g t h  and v e l o c i t y  r e s p e c t i v e l y ,  and c i s  t h e  v e l o c -  
i ty  of  l igh t .  In t h e  f i r s t  of  E q s .  (1.1), u i s  the  c o n s t a n t  
i n i t i a l  v e l o c i t y  o f  t h e  p a r t i c l e s  on the  s u r f a c e  (p = 0. 

It  w i l l  be  a s s u m e d  tha t  x ~ = 0 i s  the  e q u a t i o n  of t h e  
e m i t t e r  in the  o r t h o g o n a l  c o o r d i n a t e  s y s t e m  x i (i = 1, 2, 

3). 
The  m a g n e t i c  f i e l d  i s  a s s u m e d  g i v e n .  In t h e  p r o b -  

l e m s  c o n s i d e r e d  be low,  a k n o w l e d g e  o f  two c o m p o -  

nen t s  H ~, H a i s  s u f f i c i e n t ,  s i n c e  H ~ c a n  be  found  f r o m  
M a x w e l l ' s  e q u a t i o n s .  O n l y  one  f u r t h e r  e q u a t i o n ,  

e ~ l  ~ = O, (1.37 

n e e d  be  a d d e d  to ( I .1 )  in  o r d e r  to c o m p l e t e  t h e  s y s t e m ,  
s i n c e  the  f a c t  t ha t  H is  s o l e n o i d a l  f o l l o w s  f r o m  the  

cond i t i ons  f o r  the  f low to be r e g u l a r  (the s e c o n d  of 
E q s .  (1.1), wh ich  s a y s  tha t  the  g e n e r a l i z e d  m o m e n t u m  

P i  ~- vi  + Ai ,  A is  the  v e c t o r  po ten t i a l ) .  
Explicity, the conditions in question are 

a ~ ,  or, _ g- i  lt', 
#xs Ox ~ 

0xl o ~  Oz z ax* 

From the last two equations, 

. ,=S( . .=  r dzZ 

substituting these values in the first, 

whence 

o ~ - ( V ~ m )  = 0 ,  

as required. Thus the flow cannot be regular in a region with mag- 
netic chargeS. 

Since the solutions of the problems mentioned are 
to be expressed as series in (xl) ~, the metric tensor 
elements gik and 4gH 2, ~fgH 3 will be written in the same 
form, 

,oo ~ co 

gs, = Y,a~ (:~')~, gs, = b~ (~')~, ~s, = Y, e~ (~b ~, 
k = 0  k = O  k~O 

co oo 

V-ira= Z ~ ( ~ )  ~, V~H'= Ebb(e) ~. (~.4) 
~=0 k=O 

The i n d i c e s  k u n d e r  the  s u m m a t i o n  s i g n s  h a v e  the  
u s u a l  (not t e n s o r )  m e a n i n g  of n u m b e r i n g  the  t e r m s  in 
the  s e r i e s  and i n d i c a t i n g  p o w e r s .  F o r  c o n v e n i e n c e ,  
the  f o l l o w i n g  n o t a t i o n  is  a l s o  i n t r o d u c e d  f o r  the  c o e f -  
f i c i e n t s  of  t he  e x p a n s i o n s  of t h e  e l e m e n t s  g ik ,  ~ and  
t h e i r  c o m b i n a t i o n s  ~ g ik :  

co k 

k ~ O  k = O  

k = O  k ~ O  

co co 

r = y ~ ( e )  ~, r = 2 ~  (=~)~, 
k ~ O  k=0 

co 

Vg~" = E r~ (x') ~. (1.5) 

w E m i s s i o n  in t he  p - M o d e  w i t h  H ~ 0 i s  d e f i n e d  
by the  f o l l o w i n g  c o n d i t i o n s  on the  e m i t t e r :  w h e n  x 1 = 0, 

V = 0 ,  q ~ = 0 ,  0qD/0z 1 = 0 ,  p v ~ , = J ( x  ~ , x D ,  
H~, = 0, H~, = m (z 2, x~), H~, = n (xL x~), (2.1) 

m s ,-q- n ~ = h s, 

w h e r e  Vx 1, Hx i a r e  t h e  p h y s i c a l  c o m p o n e n t s  of  v e l o c i t y  
and m a g n e t i c  f i e ld .  T h e  s o l u t i o n  of  p r o b l e m  ( t .1)  and 
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(2.1) will be sought as Uk(x 2, x3): 

~176 g , 

k~fi k=O 

v~ = x ~ ~ W~(z~) I'~, 

k = 4  k ~ - - 2  
(2.2) 

The condit ions that the flow be r egu l a r  lead to 

3 
V, = V-4-5 (U~h' 

3 W~ = ~ (U~)~ 
(k~3q, k~2"), 

! 
Vaq = ~ [(U~q)~'- hql 

t U ' W ~ = ~ - ~ l (  ~)~ +n~] 

OU~ 
Y 1 = W 1 = O, (Uk)$ t = ~.~ , 

(q =0, t . . . .  ), (2.3) 

ou~ 
(0 ~)~' = ~ . 

Subst i tut ion for v i in the f i r s t  of Eqs.  {1.1) gives 

| p p ~ 4 _  

t~O I ~ 0  f=O I=O 

" q = O  @=1,2 . . . .  ) .  (2.6) ~- (Pt-, t~=oCtl'l'p-t-at-,)3 j 

F o r m u l a s  (2.2)-(2.6) embody the solut ion of the 
problem.  Taking (2.6) with p = 1, we get Us = ~5 = P-~ = 
= 0. Wri t ing  (2.6) with p = 2, 3, 4, and 5 and r e c a l l -  
ing that the emi s s ion  c u r r e n t  dens i ty  is  given, the 
following t e r m s  of the potential  expansion a re  obtained: 

: 9 "% ,, 1 r = (:z s) ~o,,, % = o, ,p. = ~ h'ao, 
2 'S 

I (9.1)':,V 9-M 2 nSp'--mJ o" __ 
q~8=i~ \ 2 - /  L lOOT+ 7 s 

( n k ~ -  m6~) + ( n v ' - - m o ' ) ]  ao% ~ 

=[tL2O ay,al h" -4- ~ h " T  + ~ (• -4- • + ~ ( h ' ) s ' ] a o  q', 

k - - I  [(.:+2 2.,..,-,)a,,.,.-..,+ 
k 

k--I 

+ 2 [ (v :+  2 + 

k 

+ (2 E B,:.,._._,)+ 
l=O / 

k--1 

k 

-~ (2 l~=~)WIW,Ic-l+l) Ct/.(.-,,-7) ] . 

( s = 4 ,  5 . . . .  ). 

(2.4) 

The s u m m a t i o n  over  k is cont ro l led  via the f r a c -  
t ional  s u b s c r i p t  in A, B and C. For  ins tance ,  with 
s = 7 the f i r s t  group of t e r m s  in (2.4) gives a t e r m  with 
k = 2, the second with k = 3, the fourth and sixth with 
k = 0, and the th i rd  and fifth play no pa r t  at all ;  the 
coeff ic ients  with ind ices  that  a r e  absen t  f rom (1.4), 
(1.5), and (2 .2)are  z e r o b y  def ini t ion (e. g . ,  a l l  the coef -  
f ic ien ts  with negat ive  indices  in (1.4) and (1.5)). It is  
a lso a s s u m e d  convent iona l ly  that  s u m m a t i o n  over  k 
f r o m  a to b with b < a gives  zero.  

Using the Po i s son  equat ion we get 

P|-8 ~ -~- t - - I  
~, ( s  + 4 )  (p..~,/, (t-.-~) + 

t - -8  

+ ]~ {[(~.h'P,/. (,-~-~)h' + [(~.);r,/.  (,-.-.)b'} 
S~4 ( t = l , 2  . . . .  ). 

(2.5) 

F ina l ly ,  the equat ion for conse rva t ion  of c u r r e n t  
p rov ides  r e l a t i onsh ips  for  d e t e r m i n i n g  the funct ions  

where  the subsc r ip t s  S, P,  Q denote d i f fe rent ia t ion  
with r e spec t  to a r c  along the cu rv f l inea r  axes x 1, x 2, 
x3; ~1 and ~2 a re  the p r inc ipa l  cu rva tu re s  of the s u r -  
face x 1 = 0, T = ~1 + ~t2 is its total  cu rva tu re ;  k 1 and 
kz, 51 and 52 a re  the p r inc ipa l  cu rva tu re s  of the s u r -  
faces  x 2 = const ,  x 3 = const  r espec t ive ly ,  eva lua ted  
a t x  1 = 0. 

If the a r c  length S along the x 1 c u r v i l i n e a r  axis  o r -  
thogonal to the emi t t e r  is taken as the expans ion  p a -  
r a m e t e r ,  the e x p r e s s i o n  for the potent ia l  becomes  

8 9 

i 9 "l/sr 9 ha 2 nJp'--mJQ" 

--  (nks - rnb,) -4- (np' - -  raQ') l S'/* Jr 

The f i r s t  c o r r e c t i o n  to the Ch i ld -Langmui r  t h r e e -  
ha lves  power law in the local  f o r m  depends only on 
the absolute  value of the magne t ic  f ield s t reng th  at the 
emi t t e r .  The next  t e r m  is the same  as the f i r s t  c o r -  
r e c t i on  to the t h r e e - h a l v e s  power law in the e l e c t r o -  
s ta t ic  case .  The fourth t e r m  r e p r e s e n t s  sub t le r  effects ,  
due not only to the magne t i c  f ield,  but a lso to i nhomo-  
gene i t ies  in the f i e l d  and in the e m i s s i o n  c u r r e n t  den -  
s i ty,  and to geome t r i c  fac to rs .  F ina l ly ,  the coeff i -  
c ient  of S 3 takes account  of the magne t i c  f ield i n t e r a c -  
t ion  with the e m i t t e r  geome t ry  and the ra t e  of change 
of h 2 in the d i r ec t ion  of the n o r m a l  to x 1 = 0. 

w E m i s s i o n  in  the T - m o d e  in a g iven ex te rna l  
magne t i c  f ield H is d e t e r m i n e d  by the fol lowing cond i -  
t ions :  with x 1 = 0, 

V = O, ~ --- O, l / ~ - O ~ / O x  1 --= e (x ~, xs), 



p~'~, = J (x ~', xa), H., = 0, H~, = m (x e, xa), (3.1) 

H.~ = n ( x  s , x a ) ,  m 2 + n ~ = h e :  

E x p a n s i o n s  for  vi ,  q~, p s a t i s f y i n g  (1.1) and  (3.1) 
wi l l  be o b t a i n e d  in h a l f - i n t e g e r  p o w e r s  of x ~ 

c~ cr 1 ~,= Eu~(~')'l'~, ~ = ~ ,  EV~(x') I'~, 
h'=l k~O 

c~ 
v~ = x 1 ~ W ~  (x ' )  'i~ , 

k=O 

k=2 k=--I  
(3.2) 

The cond i t i ons  for  the g e n e r a l i z e d  m o m e n t u m  to be 
po t en t i a l  l e ad  to the fo l lowing  r e l a t i o n s  b e t w e e n  V k, 

W k and  Uk, Hk, h k: 

l t U ' V~ = ~ [(U~)~' - -  hq], V~+~ = ~ ( ~q+~)~, 

1 Vo = - -  ho Wsq = ~ [(U2q)~' + Hq], (3.3) 

t U ' W ~ + ~  = q--4~2 ( s~+i)3,  W o  = Ho (q = o, l . . . .  ). 

The e n e r g y  i n t e g r a l  is u s e d  to f ind  the  coe f f i c i en t s  
of the po t en t i a l  e x p a n s i o n ,  

k--1 

k= l  I-\ l=1 

"~L ( 2 l~  ~ff l~ff sk-l+l ) A'[, (s-1)-lfT -J i- 

k--1 
+ 2 y, + 

k=0 l~0 

+ ( 2  l~o~7lV2k_l+l)",/z (s-5)-k + 

k--i 
+ (WkS + 212=oWlW2k-l) C'/z(s-4)-k + 

k 
-'~- (2 ~=oWzW~k_t+l)C,/~(s_s)_~] ( s = 2 , 3  . . . .  , .  (3 .4 )  

P o i s s o n ' s  e q u a t i o n  g ives  for  Pt-z 

Or-z= ~ {'last%a,h (t-s)+1 + 
s~2 

+ I (%)~  B'I, <~-,)-ds ' ' ' ' + [(%)~ T'/, (t-,)-~]~ } (t = l, 2 , . . ) .  ( 3 . 5 )  

F i n a l l y ,  r e c u r r e n c e  r e l a t i o n s  a r e  o b t a i n e d  fo r  U k 
f r o m  the e q u a t i o n  for  c o n s e r v a t i o n  of c u r r e n t ,  

(3.6) 

I i- -}- [Pl-~ ~ W~,C% (p_t_t)_i --  0 (p = 1. 2 . . .  ) .  
l~O L 3 

F o r m u l a s  (3 .2 ) - (3 .6 )  p r o v i d e  the  s o l u t i o n  of the  
p r o b l e m .  

The  f i r s t  c o e f f i c i e n t s  in  the p o t e n t i a l  e x p a n s i o n  a r e  

% = 2ea0'/,, % 4 lf~ Y ~, ~ a o " ,  

al % 3 e ~ ]  t2 T0~ e -~- ~ ao~ e - -  - g - ~  T ' ~  

33 

t a~  cs i (a,~ a~) S~ 

7 a ?  _~_ ,3 aaa,~ ' aa~ ) S ' - 7 -  ( 3 . 7 )  
-~- ( 48 ao'/-, 48 ao % 8 . . . .  

This  g ives  

2q) = 2sS + 

+ 

5 JZ + ~ + h ~ ) S % + { - - y ~ T + t  Y~ I e T 2 + ~ T  s t  , _  

8 J4 4 J2h~ i ~ j  

- -  (mJ)q' + ~ ( - -nep '  + m no')] + 

+ 31-- [(3k, + ks) e~' q- (36, q- 62) e~' - -  2e(k,2-k - 8, s) - -  

- -  s(kxks q- 8,6Q - -  e~ * - -  ~ "  --{- a (k~v' + 6~')1} S ~ -t- . . . .  (3.8) 

C o m p a r i n g  (2.7) wi th  (3.8), it can  be s e e n  tha t  when  
e ~ 0 the a c t i o n  of the m a g n e t i c  f i e ld  is h a m p e r e d ,  
whi le  g e o m e t r i c  e f fec t s  p r e d o m i n a t e :  h 2 a p p e a r s  in  the 
coe f f i c i en t  of S 5/2, and  T in  tha t  of $2; the  m a g n e t i c  
f i e ld  g r a d i e n t s  on ly  a p p e a r  in the l a s t  t e r m  of (3.8), 
which  a l so  t a k e s  a ccoun t  of the  v a r i a t i o n  in  the to ta l  
c u r v a t u r e  a long  the n o r m a l  to the  e m i t t e r  [in (2.7) 
the  l a t t e r  on ly  a f fec t s  the coe f f i c i en t  of S1~ etc .  

w The e a s e  of n o n z e r o  i n i t i a l  v e l o c i t y  i m p l i e s  
the fo l l owing  cond i t i ons  on the e m i t t i n g  s u r f a c e :  wi th  
X 1 = O, 

v ~ , = u = c o n s t ,  q ) = 0 ,  l / - ~ 0 ( p / 0 x ' = e ( x  2,xa), 

pv~, = J (x~ x3), H~, = 0, g~, = m (x ~, x3), 

Hxo = n (x  2, xS), m s + n 2 = h ~ . ( 4 . 1 )  

The solution of problem (i.I) and (4.1) will be 
sought  as  

co 

h'~o k=o 

7)3 = x l  ~ W k  (x l )  k , 
k=0 

2q~ + (u) s = ~ q)~ (xX) ~, 2 ]/'g-p = ~ 9~ (x') k. (4.2) 
k=0 k~0 

The d e p e n d e n c e s  of Vk, W k on U k and  the coe f f i -  
c i en t s  of the  m a g n e t i c  f i e ld  c o m p o n e n t  e x p a n s i o n s  a r e  
g iven  by  

(k + i ) V ~  = (U~)2'  - -hk,  

(k + t) Wk = (U~)a' + H~ (k=0,1 .... ), (4.3) 

w h e r e  u = Aot/2Uo . Us ing  the  e n e r g y  i n t e g r a l ,  we get  

t , 8 j4  + ~T 2§ 
4J2h2 1 I 45 e 8 + J (m62 - -  nk~) -4- (nJ)p'  - -  (mJ)o' -4- 

J # i t q- ~ (-- nee -1- ,neo )] + 
l 

+ -~ [(3kl -t- k2) ep' q- (361 + ~s) eQ' - -  2e(k, s + 6t s) - -  

- -  s ( k l k 2  + 6182) - -  8 p " - -  eQ" + s (k~p' + 6 1 0 ' ) ] .  

The e x p a n s i o n  in s = a j 2 x  ~ can  be t r a n s f o r m e d  into 
an  e x p a n s i o n  in  the a r c  l eng th  S a long  the x 1 axis  by 
m e a n s  of 
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% = X F(G ~ + 
~=oL~ 

+ 2 ~U,_iU,~_,,x) A,-,~ + (2 XUtO',u_t+x) A,_,h._t+ 
1=1 1=0 

/r 
-q-(V~'+ 2 2V,_,V,~_,+,)B,_,~_,+ 

l=1 

k 
+ (2 l~oVlV,lr Bs--~h'-, + 

, l = 1  
k 

+ 1 ,,-_o,, . . . .  , .  

Po i s son ' s  equation gives for  Pt-~ 

t~l t--1 
O,--t : t E S~s~l-s+l "~- E {[(~s)2t~t--s-ll2t ~- [(~s)3'rl--$--llst} 

s=l s=l 
(t = i ,  2 . . . .  ). ( 4 . 5 )  

The r e c u r r e n c e  r e l a t i o n s  fo r  the  e x p a n s i o n  c o e f -  

f i c i e n t s  a r e  

p--t p-- , p--l--2 ) 

t : 0  /=0 /=0 2 
p-- t -- ,  

( p = t ,  2,....). (4.6) 

To a s s e s s  the effect of the magnet ic  field, we wri te  
down the f i r s t  four t e r m s  of the potent ia l  expansion 

[ I at ,t_ J sT)  r = 2eao'/', q% = !2" a ~  e -' h- + ao, 

F I a~ /d s T ) - -  1 at ~ % = L ~ t ~ +  , ~ , + + ~ +  

t k..) ep' + - ~ ( ~ , ~  + 6r6~)+ (~1 + 

[ ' I 6 i 'i e ( k i p '  -~  61Q')] aoS/~ - -~61-~ ~ z) e O ' - -  ~ - (eP" '~ -eQ")+ '~  

ta0'"k T u  - T +  2 u + t e T 2 +  t , %- eTs + 

__ l ~- 3 ( - -  2 ~ (]l?l' 2f- 612 ) "~- g (klk2 --~- 6162) + 

t 1 6~) ' 1 ,, (kl + ~k~)sp"  + ( 0 1  + -~ = % - -  ~- (sp + s0" ) + 

+ 3 -~(klP'  -}- ao a (u + eT) ~ a a ~ e q  _ ,  1 a l  a 

+ 5 - ~  ',,~ 

ala~ i aa ~ . -  t__ ~ t. ~,'J i J h '  t. e J  T + 

1 t uJ_Ts,+ I ~ , ~ 

I J (m6 , - -  nk,) + 3 T [-- 2 e  (kt '  + 6~')- 

+ + (01 + - 3 

t , ,, t e ( k a p ' + 6 r Q ' ) ]  -- --  XteP + s o " ) + - ~  

, 3 I ~ (k~ 1 k ' 

3 t , 
- ( + •  +  6,)1 o - 

- - T e k 1 [ k l s  - -{  • ~• -~xl - ~ ,~ 

--~e6116rs'--!~-• ~QO'+ , -}- :2- 6 , ) ]  - 

i . i i 
- -  ~(xl---~-X~)Sp +~(~x1--• 

i , Yt ' Tp' ' ]  s - ~,~lP - k~(k ,s  - -  ) j +  + ~- Tp')p'  + 

4~i  I , 31 8 , _ _ T  O , + [-~(6 ,s  - rQ'>o' + ~ 6 r 0 ' -  ,(61s )] 
m 

i , ~2~J] , i , ,,,d,, , 
- - + ~ ) o  

t i 6~] I J p ' ( k l +  T k , ) + t J Q ' ( 6 ~  + y  
/ 

J [~(~e +6e)+ ' -u "4 (kak~. + 6,6s) - -  

t 
- -  -~-(klp + 6 1 Q ' ) ] } a 0  '~ . 

Using  (3.7), we a r r i v e  a t  the e x p r e s s i o n  
J 

2~ = - -  u' + 28S + ( 7  + ~T) S'  + 

- -  2e  (kl'  + 6a ~) - -  e (k lk ,  + 616~) + 

+ (3k, + k~) ep' + (361 + 6,) BQ' - -  ep" - -  8Q" + 

+ e (kip' + 6IQ')] S a "~- L%4S 4 -'~ . . . .  (4. 7) 

Here ,  ~4 is the par t  of <Pa not containing a~, a2, az. 
A nonzero ini t ia l  vetoci ty of e m i s s i o n  leads to the 
same  sor t  of t r end  as a nonzero  e l ec t r i c  field, i . e . ,  
geomet r i c  fac tors  p redomina te  over the magnet ic  field. 
For ,  with e = 0, up to t e r m s  cor responding  to un i fo rm 
flow between pa ra l l e l  planes (T = 0), the th i rd  t e r m  
in the expansion is 2/3 u - t J T ,  and the magnet ic  f ield 
only appears  f i r s t  in the Coefficient of S 4. The con-  
t r tbu t ion  of H to r is the r e su l t ,  not only of the a b -  
solute value of the magnet ic  f ield at  the emi t t e r ,  but 
also of its der iva t ives  in the d i rec t ions  P, Q. When 
e ~ 0 the geomet r i c  effects will be even more  marked ,  
s ince  the total  cu rva tu re  now f i r s t  appears  in ~ .  

The p rob l ems  d i scussed  above, together  with those 
dealt  with in [1], cover the whote range  of p rob lems  
that  can be devised for a s i n g l e - e n e r g y  beam when all  
the  n e c e s s a r y  cond i t i ons  a r e  s p e c i f i e d  on the  e m i t t i n g  

s u r f a c e .  
w Beam in the presence of a moving background, The results of 

w167 axe easily extended to the case of flow against a moving back- 
ground of uniform density No, where No > 0 if the background is made 
up of particles with the same charge sign as the beam particles, and 
N o < 0 in the opposite case. The solution is given by the formulas 
of w167 except that the functions pt in(2.6), (3.6) and (4.6) have to 
be replaced by functions R t given by the formulas below. 

Denoting by dP k the coefficients of the potential expansion in the 
presence of the background, and by Ak the corrections to the functions 
@k obtained above, corresponding to the case No = 0, &k = @k - ~k, 

the formulas for the corrections are as follows. 

with emission in the p-mode, 

Raq ~ p~q -- 2NoG ~ (q = O, l . . . .  ), 

R t = p t  (t =/= 3q), A4~ As~ At=0, 

o (~?/'j-vwo/h~- E No~ ~o'/', Ae Noao, As 
10 ~ \ ~ / \ 14 / 

! 9 at 99 T\ao./,.) 
A, =No/'ff0 ~ +  ~ 
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Denoting by 8 k the coef f ic ien ts  of the po ten t i a l  expansion in  the 
va r i ab le  S in  the case N O = 0, we have  

2 ~  = ~ 4 S  "/' ' -  [0, + 9 No ~ S2 z_ 07S'/, J-. 
' \ t 0  / ' ' 

9 

it is  c l ea r  f rom this  that  the background produces the same type 

of e f fec t  as a nonzero m a g n e t i c  f ie ld :  when H = O, but Na ~ O, the 
expansion is in powers of S t/~. 

For emission in the T-mode, 

R2q ~- Plq ~ 2NoGq, Rgq-1 = P~q-1 (q ~-~ O, | . . . .  ); 

2V~ y 
A~ --= A~ ~ O, A4 =-Noao ~ As = w ~ -'---::- N a "t" 45 e u  0o , 

/ t a l  70J$ t T )  Noao% 

2~ .~- ~2S --F ~aS% 4- {Oa + No) SS + - ) ,§ 

~ + -g . .  

For nonzero initial ve loc i t y ,  

Rt  = Pt - -  2Noat (t = 0, t . . . .  ) ,  

A, = A z = O ,  A s = t  ( ~ - - T )  Noao'/., 

a , = l ~ k ~ - - - r / + t 2 u  s 4 ,,~ Iz ~* 

1 s T ~ I Tz--  T s" 
u / Q  

- u s 4 u* 12u* 3 -uY - ~ T  - -  T s ' +  
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